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Hydrodynamics of Large Objeets in the Sea

Part I—Hydrodynamie Analysis

C. J. Garrison*
~ Naval Postgraduate School, Monterey, Calif.

This paper deals with the hydrodynamic forces exerted on a rigid object describing harmonic os-
cillations under or on a free surface as well as the forces resulting from the interaction of the object
held fixed in a train of regular surface waves. The problem is formulated for a body of arbitrary
shape in water of finite depth and the development of a numerical scheme for carrying out the cal-
culations is described. An energy balance as well as Haskind’s relations are used as a check on the
accuracy of the numerical results. Numerical results are presented for a floating sphere, a vertical
circular cylinder, and a practical semi-immersed caisson configuration.

Nomenclature

a = characteristic dimension of body

C; = wave force (or moment) coefficient, Egs. (36) and (40)

C;; = ith component force (or moment) coefficient associated
with the jth component motion

d = depth of submergence

dS = differential surface area

f = source strength function

G = Green’s function

g = acceleration of Gravity

gi = (i=12,...7) See Eq. (19)

h = water depth

H = wave height

i,i,k = cartesian unit vectors

L = wavelength

M;; = added mass coef., (added mass/pa®) or (added mom. of

1/pa®)

N;; = damping coef., (linear damping/pca3) or (angular damp-
ing/poa®)

n = unit outward normal vector

P’ = pressure associated with diffraction of incident wave

P, = ( = 1,2,..6) pressure associated with the 6 degrees of
freedom

q = fluid velocity vector

Re = real part

t = time

T = wave period

u = dimensionless potential function

x,v,z = cartesian coordinates, dimensionless

X; = body lineal displacement

7 = elevation of free surface

0; = body angular displacement

v = o2a/g, frequency parameter

£,m,{ = point on body

p = fluid density

o = frequency, 2r/T

do = incident wave potential

b7 = scattering potential

bi = (i = 1,2,...6) potential associated with 6 degrees of freedom

b = dirac delta function

8ij,0; = phase shift angles

Introduction

THE pressure distribution and resulting hydrodynamic
forces exerted on rigid objects immersed in water in the
presence of a free surface is a problem of interest to naval
architects as well as ocean engineers. In the design of
large submerged or semisubmerged structures such as off-
shore drilling rigs or submerged oil storage tanks, the forc-
es exerted by surface waves are important considerations.
In the mooring of vessels at sea, for example, both the
forces induced by surface waves as well as the forces in-

Received March 30, 1973; revision received September 6, 1973.
Index categories: Hydrodynamics; Marine Vessel Design.
*Associate Professor, Department of Mechanical Engineering.

duced by the dynamic response of the vessel are impor-
tant factors in the determination of the resulting motion.
The former quantities are generally referred to as simply
wave forces or excitation forces while the latter are often
characterized by an added mass and damping coefficient.

The present paper deals with the hydrodynamic aspect
of such problems. Essentially, two different types of fluid
motion are considered, namely, the interaction of a train
of regular surface waves with the rigid object, and the
fluid motion produced by the harmonic oscillation of the
object in otherwise still water. While these two problems
are physically distinct, they are mathematically similar
and as a result are dealt with simultaneously herein.

When dealing with unsteady flow about immersed bod-
ies, it is generally understood that a potential (or inviscid)
flow analysis is a valid approximation to the real flow,
provided the amplitude of the motion is sufficiently small.
For example, in the case of unidirectional flow with con-
stant acceleration past circular cylinders, Sarpkaya and
Garrison! found that at the beginning of the motion the
flow was unseparated, and accordingly, the added mass
coefficient was equal to its potential value of 1.0 while the
drag coefficient was zero. Keulegan and Carpenter? found
similar behavior for the case of oscillatory flow past circu-
lar cylinders and plates. Thus, if the amplitude of the
fluid motion is sufficiently small, it may be expected that
inviscid flow assumptions as applied herein should yield
valid results. It is understood, therefore, that the wave
amplitude or amplitude of body motion is assumed to be
small compared to the characteristic dimensions of the
object.

Forces exerted on cylinders floating at the free surface
both held fixed in regular waves as well as describing har-
monic oscillations have been the subject of a number of
papers. Examples are the work of Dean and Ursell,? Por-
ter,* Vugts,® and Kim.® Similar work on three dimension-
al objects is, however, much more limited. Kim® present-
ed added mass and damping coefficients for a semi-ellip-
soidal body with its origin on the free surface in water of
infinite depth and Garrison and Seetharama Rao? pre-
sented both theoretical and experimental results for wave
forces acting on a hemisphere with its center on the bot-
tom. Recently, Milgram and Halkyard® presented results
for the oscillation of an axisymmetric bulbous body and a
sphere in still water of infinite depth. Garrison and Chow?
have compared theoretical and experimental results for
the wave forces acting on a practical submerged oil stor-
age tank configuration.

The present paper deals with three-dimensional objects
of arbitrary shape in water of finite depth. The theory and
numerical procedure is developed with the end toward the
practical numerical calculations for arbitrary shapes of
practical utility. Numerical results are presented for the
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Fig. 1 Definition schematic.

wave force problem where the object is held fixed in a
train of surface waves as well as for the case where the
body undergoes harmonic oscillations in otherwise still
water. Computations were made for a vertical circular
cylinder and a floating hemisphere, and a method for
checking the convergence of the numerical scheme is pro-
posed. Numerical results are also presented for a bottom-
mounted ocean caisson of practical configuration.

Formulation of the Problem

Consider a rigid object of arbitrary shape and having
characteristic lineal dimension & submerged to a depth d
beneath the free surface in water of depth 2 as shown in
Fig. 1. The body is considered to be smooth to the extent
that its unit normal vector is a continuous function and it
may or may not intersect the free surface or bottom. Two
coordinate systems are identified, %,y,Z coordinates with
origin fixed at the free surface and the body coordinates
%',9',2" located at depth y =
bols denote dimensional quantities.

The problem set forth herein deals with the fluid mo-
tion and forces induced by the small amplitude oscillation
of the object in its 6 degrees of freedom as well as the
fluid motion associated with the interaction of the fixed
object with a train of regular waves. The small amplitude
oscillatory motion of the object about its equilibrium posi-
tion with frequency o is described by the relationships,

X,(t) = X,'Re[e™*"], j=1,2,3 (1a)

0,(t) = ©Reei*t], j=4,5,6 (1p)
where the subscript j = 1,2,3 denotes oscillation in the %’,-
§%,2’ directions, respectively, and j = 4,5,6 denotes angu-
lar oscillation gbbut the %’,9’,2’ axes, respectively. The
real numbers X;° and 0,° denote the amplitudes of the
motion. In the case of ship motion X;,X2 and X3 are re-
ferred to as surge, heave and sway while the angular com-
ponents O4, 05, and B¢ are called roll, yaw, and pitch, re-
spectively. The second problem considered here is the in-
teraction of a train of regular surface waves with the
gbject fixed in space. The regular incident waves of wave
height 27° = H and wavelength L are assumed to progress
in the positive x-direction.

" The fluid is assumed to be incompressible, and the mo-
tion irrotational and harmonic with time dependence e—ict
in all cases. It follows, therefore, that a velocity potential
exists such that the fluid velocity vector may be defined
as

§

7; = Re[Voe ™) j=12..6 (2)

where ¢; denotes the velocity potential associated with
the motion 1nduced by oscillations in the 6 degrees of free-
dom and ¥ = 1(8/0%) + j(6/87) + k(8/9Z), i,j,k being the
ynit vectors in the %,y,z directions, respectively. In the
case of regular wave interaction with the fixed object the

—d. The bars over the sym- .
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velocity potential may be written as the sum

¢ = ¢y + P ®3)

where ¢o denotes the velocity potential of the incident
wave in the absence of the object and ¢7 denotes the ve-
locity potential of the scattered wave due to the presence
of the rigid object. For this case, the fluid velocity vector
is given by

T =Re[V(py + dp)e) @)

Continuity considerations implies that ¢;, G = 0,1,2, ... ..
7) must satisfy the Laplace equation

Vig; =0 (5)

and from the linearized form of Bernoulli’s equation,
which is applied throughout, the dynamic fluid pressure is
given by

P; = Relipope™™], j=1,2,...6 (6)

For the second problem, involving wave interaction with
the fixed object, the pressure is given by

P’ = Relipa(dy + ¢r)e ] (7)

The velocity potential must satisfy certain boundary
conditions in addition to Eq. (5). These include the lin-
earized free surface boundary condition

80, o

o - (x,0,z) —
as well as the kinematic boundary condition on the bot-
tom

Zx,0,z2) = 0, i =0,1,2,....7 (8)

%%ﬂ(i,m,?) —0, i=0,1,2,...7 9)

The surface of the object in its mean position is de-
scribed by

and the kinematic boundary conditions on this surface are
given by -

?—(b—_i = —Z.O')—(-107lx (lla)
on
2] et
—;%Z = —ioXy'n, (11b)
3 =
R 0
o = —ioXyn, (11c)
% — —i00,'[(d + y)n, — zn,) (11d)
35 _ 60,70, — wm,) (11e)
on
%@1—/[/& = —-ioego[;ny—(E‘F;)ﬂx] (11f)
3y _ 98¢y
wm o (11g)

where n = iny + jn, + kn, denotes the unit normal vec-
tor on the surface of the object directed outward into the
ﬂuld and d denotes the depth of submergence of the

%’,y’,2’, coordinate origin. Finally, the velocity potential ¢;
must satisfy the radiation condition which allows only
outgoing waves,
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-y /2 COSh[k@_-F l:l-)] R0 - e
¢i(7’, 9,3’) )\i(e)r COSh(kE) € O’r’

(12)

where 71 = [x% + 22]2/2 and # = tan~1(z/z). The wave
number is defined as k = 27 /L where L denotes the wave
length and is related to the frequency of the disturbance
according to the well known relationship

“— — k tanh(kh) (13)

The velocity potential of the incident wave alone pro-
gressing in the positive z-direction is given by

igi® coshlk(h -+ v)] o i#T

o cosh(kh) (14)

qu(z)j)—) =

where #° = H/2 denotes the amplitude of the incident
wave, H being the wave height.

For convenience in carrying out the solution for ¢; and
to show clearly the dependence of the solution on the pa-
rameter, ¢ = 2ra/L = ka, the relative water depth, h =
h/a, and the relative depth of submergence, d = d/a, we
shall first make the space variables and amplitudes di-
mensionless with the characteristic linear dimension of
the object,

x:a_c/ii,y:y/ﬁ, Z:Z/E, 1/:77/5
= Xio/a7 (l = 1a273)’ XiO = ei07 (7' = 455)6)
n'=7'/a=1H/2a

and then introduce the dimensionless potential functions,
uj, as

ioo (x,7,2)/gaX;" = a tanh(ah) u(x,v,2), = 1,2,...6
i00:(%,3,2)/gan’ = —a uq(x,y,2) (15)
10¢’0(E,37)/gﬁn 0 = —a uo(x,y)

The complex dimensionless dynamic pressure amplitude
can now be written by use of the linearized form of Ber-
nouli’s equation, (6) and (7)

p; =atanh(ah) u,(x,v,2), 7 =1,2,...6

coshla( h+y)]
b =" Cosh(ah)

(16)
—a ur(x,9,2)

where the complex amplitude of the pressure p is defined
as

W Relp,e™™], j=12,...6
P’ = Re [p e zut] (17)
pganj

The boundary value problem which describes the fluid
motion arising from the oscillation of the rigid object in
its 6 degrees of freedom as well as the scattering of the in-
cident wave may now be written concisely in terms of di-
mensionless parameters. The potentials u;(x,v,2), i = 1,2,

.. 7, continuous in the fluid region is sought such that

V2 (x,y,z) = 0, (outside S(x,y,z) = 0)  (18a)

ot ;
%‘L(x,O,z) —a tanh(ah) u;(x,0,2) = 0 (18b)

8—“‘(96 —h,z) =0 (18¢)
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Hin,2) = g,(%,v,2) on S(x5,y,2) = 0 (18d)

-1/2 M.ﬂﬂeiarl - 0’ ST Indhe

u;(r,0,9) —x{8) 74 cosh (ah)

(18¢)

where g; denotes the prescribed function which depends
on the mode of oscillation (j = 1,2 . 6), the subscript 7
corresponding to the scattering with g7 being obtained
from Eq. (14). These functions are

81 =Ny, =Ny, 3 =N,
ge=(d+yhm,

1
cosh(ah)

ZNy g5 = ZNy— XN,, ¢ =XNy — (d + y)nx

g1 = [ny sinh[a(h + y)] +

in, coshla(h + y)]jle"‘”‘ (19)

Representation of the Potential

The potential function u; may be represented by use of
a Green’s function having the physical interpretation of a
point wave source of unit strength. These sources are dis-
tributed over the surface of the object according to the
source strength function, f, so that the potential at some
point (x,y,z) within the fluid is given by the surface integral

(x,9,2) —ffms 1,8) Glx,y,2;£,m,6)ds  (20)

where (£,7,{) represents a point on the surface of the
object, G denotes the Green’s function and dS = dS/a de-
note the dimensionless surface area element. The Green’s
function is defined, therefore, as the function which satis-
fies

V2G(x,y,2;£,m,8) = 6(x — &) 8(y —n) 8(z ~ &) (21)

as well as the boundary conditions (18b, ¢, e). Such a
function is given by Wehausen and Laitonel® as

1

Gx,v,2; £,1,8) = = + G* (22)
where
G*(x%,y,2;6,m,8) = 1% +2P.V. |
0

(1 + v)e™" coshfu(n + h)] cosh[u(y + 7)]

u sinh(pk) — v cosh(uk) Jo(ur)d u(23)

=2

+
Fig. 2 Singular point,
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. 2n(a® — v?) coshla(n + R)] coshla(y + &) Wylar)
ath —vh + v

R=[x-8"+ @ -0+ (z -0/
R'=[(x -8+ (+2n+n?+ (z —)*

r =[x —£)P + (z — )2
v o= ﬁ = a tanh(ah)
g

and P.V. indicates principal value of the integral. An al-
ternate series form of the Green’s function is also given by
Wehausen and Laitonel® as

27(v% — a?
G(x,y,2;6,m,8) = EZ}‘I“Q__VW‘:); coshla(y + )] coshlaly
+ h)][Y (aV) —~ 1 (a’V)] + 4 i (:ukz + Vz) [
0 ' STy s ot oy coslily

+ k)] cos[y(n + 1)) Ky(ir) (24)

where Jo and Yo denote, respectively, Bessel functions of
the first and second kind of order zero and Ko denotes the
modified Bessel function of the second kind of order zero.
The quantities ur are the real positive roots of the equa-
tion

dptan(p ) + v =10 (25)

The solution to the boundary value problem stated in
Eq. (18) now rests on the determination of the source
strength function f. Taking the normal derivative of the
potential u; and applying the boundary condition (18d)
vields the following integral equation from which f is to be
determined:

%ffsf](g)nyg) g;/lg(x:y7z; £7n7§)ds =

gj(x7yaz)) ] = 172)' LT (26)

where 3G /dn may be obtained by straightforward differen-
tiation of Eqs. (23) or (24).

Numerical Solution

The integral equation (26) may be solved numerically
beginning with the partitioning of the surface of the object
into N area elements of size AS; where the subscript takes
on values i = 1,2,3 ... N. Since the source strength func-
. tion, f, occurring in the integrals in Eqgs. (20) and (26), is a
continuous, well-behaved function, these integrals may be
approximated by the following summations:

fnjaif = g"li (27)
u,,i :fnjﬁij (28)
where

1 oG

@y = gffuj T Xp Yoz £m0dS  (29)
1

Bi= =ff Glyvuzy; £n,0ds  (30)
47 as;

In these expressions, un; denotes the potential at the ith
nodal point on the object associated with either the nth
mode of oscillation, or scattering (n = 7) of the incident
wave, The integrations are to be carried out over the finite
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surface area elements AS; and f,; denotes the value of f,
at the central point of the area element. The approxima-
tion made here is consistent in that as N approaches in-
finity the approximations given in Egs. (27) and (28) ap-
proach the exact forms.

Once the matrices «, 8, and g are numerically evaluated,
Eq. (27) may be easily inverted by use of a standard com-
puter subroutine to obtain the solution for f,. Using this
information, u, may then be easily obtained from Eq.
(28). However, there are certain difficulties connected
with the evaluation of Eqgs. (29) and (30) which are note-
worthy.

One such difficulty in the evaluation of « and 8 occurs
for the special case where i = j. Although G* and 9G*/én
are everywhere regular, the 1/R and d(1/R)/dn terms oc-
curring in Egs. (29) and (30) are singular as R — 0 and,
therefore, special consideration must be given to this case.
Carrying out the integrations analytically for these two
terms for an area element of rather general curvature is
difficult, but it is possible to affect an analytical evalua-
tion for a circular area element if the surface has constant
curvature. Using the geometry indicated in Fig. 2, we may
evaluate the following integrals analytically as

1
ffAS S = 217, (31)

I 3(%)&9 - ~2n(1 —%%Q + ) (32)

as Bn .

For the special case considered, the integral of 1/R is
independent of the curvature while the integral of 4/
dn(1/R) involves the ratio of the radius of the element to
radius of curvature, pi, to the first power. Thus, if the
curved area elements AS are taken as plane areas or small
facets, for purposes of numerical calculation, an error of
the order-ro/py may be expected to result. Consequently,
in order to keep this error to a minimum, the subdivision
size is reduced in regions of sharp curvature of the im-
mersed surface.

Although the result Eq. (31) is independent of the cur-
vature, it is dependent on the shape of AS, and since rec-
tangular elements, as opposed to circular, are a natural
result when partitioning most shapes, it is instructive to
evaluate the integral indicated in Eq. (31) for a plane rec-
tangular area. The analytical integration of (1/R) over a
rectangle is straightforward, albeit algebraically involved,
giving the result

JI was = Z(AS/b)”z{ln[b L+ 1))
AS

b ln[————“‘———“—“l + (b2b+ 1)1/2]} (33)

where b denotes the aspect ratio of the rectangular ele-
ment, i.e., the width to length ratio. In order to demon-
strate the effect of the rectangular, as opposed to a circu-
lar area, the factor representing the ratio of Eq. (33) to
Eq. (31) 1s plotted in Fig. 3. It may be noted from the fig-
ure that the ratio is nearly unity for b = 1. showing that a
square area element gives only a slightly different value
than a circular area of equal size. However, at larger as-
pect ratios the effect becomes more pronounced, and the
shape correction factor becomes necessary.

A second difficulty arises in the numerical evaluation of
Egs. (29) and (30) on account of the singular nature of the
factor [1/(u tanh ph — a tanh ah)] at g = a which occurs
in the infinite integral in Eq. (23) and its normal deriva-
tive. However, it can easily be shown that this factor is
singular like 1/(u — a) and, therefore, the integral exists
and can be numerically evaluated. For purposes of devel-
oping a digital computer program for the numerical inte-
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gration in Eq. (23), a scheme similar to that used by
Monacellal! to integrate around the singularity was em-
ployed for the region 0 € u = 2a and, therefore, will not
be discussed further here.

A sizable portion of the total computation time involved
in the present problem is devoted to the numerical evalu-
ation of the matrices (29) and (30). For this reason two
different computer subroutines were utilized, one calcu-
lated G and 8G/dn based on the form given in Egs. (22)
and (23) while a second subroutine made the evaluations
on the basis of the alternate series formulation given in
Eq. (24). For elements of the « and 8 matrices corre-
sponding to small values of (ar) the subroutine based on
Egs. (22) and (23) was utilized, while for larger values of
(ar) the series form Eq. (24) was used because it converges
rather rapidly and was found to require much less com-
puter time than the integral form.

Hydrodynamic Forces and Moments

The forces and moments caused by the dynamic fluid
pressure acting upon the immersed surface of the object
may be obtained from the integrals

Fi(t)= -1 or E)ff Pjgidg’ ih,j=12,...6 (34)
s

F,(t) = —(1or E)ffsp'gidi i=12,...6 (35)

where F; denotes the ith component of wave force (or mo-
ment) and F;; denotes the ith component of forces arising
from the jth component of body motion. The coefficient 1
is to be used in the case of a force (I = 1,2,3) while a is to
be used when F denotes a moment (i = 4,5,6).

For purposes of presentation of the numerical results,
dimensionless force coefficients are defined as

i0;

F; ¢
C;= —‘é:‘;?l—g:o—, i=123 (36)

and
70, .
F.. e Y i=12.3

— fiimax)© ;

Cis= p(;;gino = ~My; —iNy,, j= 1:2i. e G

The corresponding expressions for the moment coefficient
are
F O
o i(max) .
Ci= hmim s i=45,6 (38)
and
F.. ew“ i=4,56

Cu="pgaxy = MuTWNus j_py g 39
The complex coefficients C; relate to the ith component of
wave force (or moment) coefficient while C;; denotes the
ith component force (or moment) coefficient associated
with the jth component of oscillation of the object. The
phase shift angles §; and 6;; relate the phase of the force to
the crest of the incident wave and displacement of the
body, respectively. The real and imaginary parts of the di-
mensionless force coefficients, M;; and N;j, are called the
added mass and damping coefficient, respectively.

Using Eqgs. (34) and (35) along with Egs. (16) and (17)
and the definitions Eqgs. (36-39) the force coefficients may
be written in dimensionless form as

Ci = ff [au'T(x;y’Z) -
s

coshla(h + v)]

iax, 3 ; o
COSh(dh) € ]‘gz(x’yyz)ds, 4 1,2, 6 (40)

and

Cis= [[ u;(x,y,2)g,(x,,2)dS, i,j = 1,2,...6 (41)
S
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Fig. 3 Aspect ratio correction factor

Once u;(x,v,2) is obtained from Eg. (28) the coefficients
may be obtained from Egs. (40) and (41). For actual nu-
merical evaluation the integrals in Eqgs. (40) and (41) are -
replaced by summations.

Haskinds Relations and Energy Balance

Even though it may be supposed that the numerical so-
lution proposed here will converge upon increasing the
number of partitions, it is important to keep the partition
size as large (and number of partitions as small) as accu-
racy considerations will permit in order to reduce comput-
er time and storage requirements. It is, for this reason,
important to determine the effect of the partition size on
accuracy so that practical limits may be established.

One method of verifying the accuracy is to compare the
numerical results with analytical results where closed
form solutions exist. Although valid, this approach is lim-
ited to a few simple shapes; for more general shapes no
such check, of course, exists.

A second method of checking the validity of the numer-
ical results involves the use of an energy balance as well
as the use of the so-called Haskinds relations. Conserva-
tion of energy requires that a balance must exist between
the energy required to oscillate the object, and the wave
energy transmitted across some control volume surround-
ing the object but at a large radial distance. Using the as-
ymptotic form of the Green’s function given in Eq. (24)
along with Eq. (20) the following relationship for the
damping coefficient is so obtained

2 _ 2 2
Niy= ﬁ[m%’;z‘;’n]fo 1ffsfi(§,77,§) coshla(n +

mle s sogs(ap (42)

where v = (£2 + {2)1/2 and 8 = tan—1({/£). This relation-
ship expresses the damping coefficient in terms of the
far field behavior of the solution.

A relationship somewhat similar to Eq. (42) known as
Haskind’s relations, may be obtained for the wave force
(or moment) coefficient. That is, the ith component wave
force (or moment) coefficient is related to the waves pro-
duced at infinity by the body oscillating in the ith mode
such that

1 -iay cos(B-7
Ci= Cosh(ah)ffsfi(gm,g) coshla(n + h)]e™r <38 gg

(43)
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Fig. 4 Horizontal wave force coefficient for a vertical circular
cylinder.

A form of this relationship between the wave force and
the waves produced at infinity by the same body oscillat-
ing in otherwise still water was first derived by Haskind!?
and later reiterated and discussed by Newman.1® Equa-
tion (43) may be considered to represent a form of the
Haskind’s relations as extended to the finite depth case.
The details of this extension which involves integration by
method of stationary phase are given by Seetharama
Rao.14

Equations (42) and (43) represent relationships for the
damping and wave force (or moment) coefficient based on
the behavior of the far field solution. A comparison of
these results with N;; and C; obtained from an integration
of the pressure over the immersed surface, i.e., as ob-
tained from Egs. (40 and (41), provides a convenient and
valuable self-check on the accuracy of numerical results.
These results are not limited to special configurations and
may be applied to arbitrary shapes. Equation (43) is,
however, limited to symmetry with respect to the x-vy
plane, a condition which is satisfied by most practical
shapes.

It may be noted, moreover, that for the case of the ver-
tical force on an axisymmetric body a very simple rela-
tionship between the Cs and Njz may be obtained from
Egs. (42) and (43). That is, in view of the axisymmetry
the integrand in Eq. (42) must be independent of §. Ac-
cordingly, the integration with # may be accomplished by
evaluating the integrand at any value of §, say § = = and
multiplying by 2x. The right hand sides of Egs. (42) and
(43) then become similar and the following relationship

o
o
=

h=40
— — —h=20
200
150
10.0
50

100% [ic by EQ(40) -Ic! by EQ.43)],/[1c:t by EQ(40)]
o

Fig. 5 Percent difference between Eq. (40) and Eq. (43) for a
vertical circular cylinder.
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may be derived between the wave force and damping coef-
ficient in heave:

v = & sinh(2ah)
227 9 94k + sinh(2ak
For the case of infinite depth, Eq. (44) reduces to the spe-
cial case presented by Newman!3

1/2
caf = (2m) (45)

[ Caf? (44)

Discussion of Results

Numerical results have been generated for certain geo-
metric configurations for purposes of comparison with cor-
responding closed form results of others and for purposes
of studying the effects of the subdivision size on the accu-
racy of the numerical scheme. Also, rather extensive re-
sults are presented in order to show the effect of water
depth on the hydrodynamic forces on a floating hemi-
sphere.

The horizontal wave force coefficient is plotted in Fig. 4
for the case of a vertical circular cylinder extending be-
tween the bottom and free surface. MacCamy and
Fuch’s1® corresponding closed form solution is also pre-
sented for comparison with the computer results and gen-
erally the agreement is excellent. For the h = 2 case very
little difference exists between the results generated using
120 or 252 effective subdivisions. The results correspond-
ing to the h = 4 case show a slightly greater spread be-
tween the computations based on 120 and 252 subdivi-
sions. In either case the greatest error occurs at the largest
value of the wavelength parameter, a = 2za/L.

The results presented in Fig. 4 were obtained from Eq.
(40) which results from an integration of the pressure over
the immersed surface. A second method of evaluation of
C; based on the farfield results associated with the oscilla-
tion of the cylinder in surge is also possible. This result as
given by Eq. (43) was also used to evaluate C; and the
two results based on Eqgs. (40) and (43) are compared in
Fig. 5. The error plotted in Fig. 5 generally agrees with
the trend of the errors indicated in Fig. 4. In the case of
the cylinder of height h = 2 little difference between the
results based on 120 and 252 subdivisions is evident and
both results agree well with MacCamy and Fuch’s closed
form solution. This conclusion may also be deduced from

loXe} of
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Fig. 6 Added mass and damping coefficients in heave for a
floating hemisphere.
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Fig. 5 wherein the results corresponding to h = 2 show
only slight differences associated with the two subdivision
numbers and both curves indicate only small error. The
second configuration, h = 4 shows both a larger difference
when compared to the closed form results in Fig. 4 as well
as when compared with the results obtained using Eq.
(43) as presented in" Fig. 5. This apparently results from
the fact that the » = 4 cylinder was generated by simply
stretching the h = 2 cylinder and consequently the area
elements are doubled in size and elongated.

The trend of the error plotted in Fig. 5 has been found
to be typical of all numerical results regardless of body
shape. The apparent reason for the increasing error with
increasing frequency or decreasing wavelength is that the
source potential, Eqs. (23) and (24), oscillates with in-
creasing frequency as a increases. When the wavelength of
this oscillation approaches the distance between nodal
points, the accuracy of the numerical result is, of course,
lost. Thus, if it were of interest to obtain results at high
frequency, it would be necessary to use a fine subdivision
grid. Fortunately, however, such results are generally of
little practical importance.

The added mass and damping coefficients for a floating
hemisphere corresponding to h = 10 for two different grid
sizes are plotted in Fig. 6 along with the results of Havel-
ock®® and Kim® for » = «. The agreement appears to be
satisfactory.

On the upper scale in Fig. 6 the percent difference ob-
tained by use of Egs. (41) and (42) is shown. As expected,
the per cent difference is greater for the computations
based on 100 nodal points as compared to the results
based on 132 nodal points.

In Fig. 7 the horizontal and vertical component of the
wave force acting on a floating hemisphere is plotted
against the relative wavelength parameter, a = 2ra/L.
Havelock’st® results for the heave force for the infinite
depth case is also plotted for comparison in Fig. 7, and
the results agree well with the h = 10 case. [(Actually,
Havelock did not calculate the force; the vertical force
was calculated from his results for the damping coefficient
by use of Eq. (45)].

The results for the wave forces shown in Fig. 7 are char-
acterized by an increase in wave force with decreasing
depth. At the short wave length end of the spectrum
(large a) the forces always approach the deep water case.
This results from the condition that if the waves are short,
they are unaffected by the depth. That is, their effect
does not reach to the bottom, and consequently, the water
depth becomes unimportant.
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Fig. 7 Wave forces on a floating hemisphere.

HYDRODYNAMICS OF LARGE OBJECTS IN THE SEA
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Fig. 8 Added mass and damping in heave for a floating hemi-
sphere.

The added mass and damping coefficient in heave for a
floating hemisphere is shown in Fig. 8 plotted against the
frequency parameter, o2a/g. The results are compared
with the results of Havelock® for infinite depth. The fig-
ure shows generally that depth has a significant effect on
the damping coefficient but affects the added mass coeffi-
cient to a lesser degree for this particular configuration.

The added mass and damping coefficient in surge for a
floating hemisphere is shown in Fig. 9. The effect of depth
on both coefficients appears to depend on the frequency.
At low or zero frequency the effect of decreasing depth is
shown to increase the added mass coefficient. At zero fre-
quency the free surface appears as a rigid boundary and
therefore the zero frequency case is equivalent to a sphere
between parallel plates. Rigid boundary proximity always
tends to increase the added mass.

Numerical Example

To demonstrate the capability of the method, wave
forces and moment acting on a semisubmerged concrete
caisson of practical shape, are calculated. The caisson
used for example is shown in Fig. 10 having a rectangular
base of 150 X 135 ft. in plan with a thickness of 25 ft. At
each corner and as an integral part of the base, a 40 X 40
ft. column is formed which passes upward through the
free surface. The corners of the columns are rounded with
aradius of 4.0 ft.

Wave forces and the moment were calculated for the
caisson sitting on the bottom for the following design con-
dition with the wave propagation direction parallel to the

M and Ny

Fig. 9 Added mass and damping in surge for a floating hemi-
sphere.
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Fig. 10 Ocean caisson.

long side:
wave period = 8.25 sec =148
water depth = 78.0ft d=1.04
a = 75.0ft h=1.04

For these conditions the immersed surface of the caisson
was partitioned into a total of 344 area elements for pur-
poses of computer calculations.

The computed results based on the above conditions
are:

force and phase shift relative
moment coefficient to wave crest
|Cq| = 1.20 61 = —1.56
[Cq| = 1.38 62 = —2.38
|CG| = (0.266 66 = 1.58

The two components of force and the moment are given as:

|C1] cos (61 — ot)
|C2| cos (62 ~ ot)
| Ce| cos (66 — ot)

horizontal force: Fy(t) = pgasy®
vertical force:  Fa(t) = pgady®
moment: Fg(t) = pgaty®

One particular point of interest regarding these results
is phase of the horizontal and vertical components of
force. If the object is small in comparison to the wave
length (small a), the horizontal force is maximum at ot =
/2 and 3x/2 and the maximum uplift force occurs at the
trough where ¢t = w. When «a is not small, as in the pres-
ent case, phase shifts occur. The results show the uplift
force maximum to be shifted from the ot = = condition
toward the maximum of the horizontal force. For a gravity
structure this in-phase condition of the horizontal and up-
lift force represents a critical condition.

As a second example from practice, numerical results
are presented for a typical North Sea structure in Fig. 11.
The geometry represents the composite shape formed by
two circular cylinders, one 400 ft and a second 100 ft in
diameter. The large cylinder is 138 ft tall and has a flat

30
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WAVE PERIOD, SEC,

Fig. 11 Composite structure.
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top. In Fig. 10 the horizontal and vertical force and mo-
ment coefficients along with their phases are plotted as a
function of wave periods in the range of practical interest.

Conclusions

A practical numerical method has been developed util-
izing digital computer calculations for the evaluation of
hydrodynamic pressures, forces, and moments acting on
rigid bodies. The results have been compared with analyt-
ical results for certain simple geometric configurations
and the accuracy of the method shown to be typically
within 5% but dependent on the frequency of the motion.
Some results for a hemisphere oscillating at the free sur-
face in water of finite depth have been presented, and a
method for checking the accuracy of the numerical results
proposed. Wave forces and moments were calculated
for two different ocean structures.
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